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B Mixing in the Standard Model and Beyond1
Ulrich Nierste
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Karlsruhe Institute of Technology
Engesserstraße 7
76131 Karlsruhe, Germany
I present numerical updates of the Standard-Model predictions for
the mass and width differences and the CP asymmetries in flavor-
specific decays in Bs−Bs and Bd−Bd mixing. Then I discuss the
current status of new physics in these mixing amplitudes.
1 B−B mixing: general formalism and ∆m
Bq−Bq mixing with q = d or q = s is governed byM
q−iΓq/2 with the hermitian 2×2
matrices M q and Γq. The (1, 2) element of M q − iΓq/2 induces Bq → Bq transitions.
The mass matrix element M q12 stems from the dispersive part of the box diagram
in Fig. 1, which is obtained from the full diagram by replacing the loop integral with
its real part. The decay matrix element Γq12 is calculated from the absorptive part of
the box diagram, which instead involves the imaginary part of the loop integral. M q12
is dominated by the top contribution, while Γq12 solely involves internal c, u quarks
and |Γq12| ≪ |M
q
12|. Bq−Bq mixing involves three physical quantities:
|M q12| , |Γ
q
12| , φq ≡ arg
(
−
M q12
Γq12
)
(1)
The two eigenstates found by diagonalizing M q − iΓq/2 differ in their masses and
widths. A third observable is the CP asymmetry in flavor-specific decays (usually
called semileptonic CP asymmetry), which quantifies CP violation in Bq−Bq mixing.
The three quantities in Eq. (1) can be determined from the following observables:
Mass difference: ∆mq ≃ 2|M
q
12|,
Width difference: ∆Γq ≃ 2|Γ
q
12| cosφq
CP asymmetry in flavor-specific decays: aqfs ≃
|Γq12|
|M q12|
sinφq
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Figure 1: Left: Box diagram. Right: Local operator Q.
M q12 is calculated with the help of an operator product expansion (OPE), express-
ing this transition amplitude in terms of Wilson coefficients and matrix elements of
local four-quark operators. The Standard-Model prediction of M q12 only involves a
single operator Q:
M12 = (V
∗
tqVtb)
2C 〈Bq|Q|Bq〉 (2)
Here Vtq and Vtb are the relevant elements of the Cabibbo-Kobayashi-Maskawa (CKM)
matrix. The short-distance physics is contained in C = C(mt, αs), which depends on
the top quark mass mt and the QCD coupling constant αs. C is known at the level of
next-to-leading-order corrections in QCD [1] and suffers from very small theoretical
uncertainties. The four-quark operator Q reads
Q = qLγνbL qLγ
νbL (3)
and is depicted in Fig. 1.
The theoretical uncertainty of ∆mq is dominated by the hadronic matrix element,
which is parametrized as
〈Bq|Q|Bq〉 =
2
3
M2Bq f
2
Bq BBq . (4)
Here MBq and fBq are mass and decay constant of Bq, respectively, and BBq is called
“bag” parameter. The matrix element in Eq. (4) is calculated with lattice QCD. The
prediction of ∆ms involves |Vts|, which is essentially equal to the well-measured CKM
element |Vcb|. With the result of Ref. [1] and present-day values of Vcb, mt and αs one
finds
∆ms =
(
18.8± 0.6Vcb ± 0.3mt ± 0.1αs
)
ps−1
f 2Bs BBs
(220MeV)2
with individual errors from the indicated sources. Here the MS-NDR scheme for BBs
is used and BBs is evaluated at the scale mb. In the literature often the scheme-
invariant B̂Bs = 1.51BBs is used instead.
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In phenomenological analyses usually also lattice results for the decay constant
fBs are used. For instance, Ref. [2] uses the CKMfitter [3] averages of several lattice
results,
fBs = (229± 2± 6)MeV, BBs = 0.85± 0.02± 0.02. (5)
The quoted value for BBs is the average of the value in Ref. [4] and of the value
obtained from the ratio of f 2Bs BBs and f
2
Bs calculated in Ref. [5]. With the numbers
in Eq. (5) one finds f 2BsBBs = [(211± 9)MeV]
2 and
∆ms = (17.3± 1.5) ps
−1 (6)
complying excellently with the LHCb/CDF average [6]
∆mexps = (17.719± 0.043) ps
−1.
Bearing in mind that the prediction in Eq. (6) is essentially based on calculations of
fBs rather than f
2
BsBBs the quoted error cannot be considered conservative. Using
the preliminary lattice result of the Fermilab/MILC collaboration [7], f 2Bs BBs =
0.0559(68)GeV2 ≃ [(237± 14)MeV]2, one instead finds
∆ms = (21.7± 2.6) ps
−1.
Clearly, new lattice results for f 2BsBBs are highly desirable to decrease the uncertainty
in ∆ms further.
Turning to ∆md, I discuss the SM prediction for the ratio ∆md/∆ms, from which
|Vcb|, the short-distance coefficient C and some hadronic uncertainties drop out: The
hadronic quantity needed is
ξ2 =
f 2BsBBs
f 2BdBBd
and the dependence on the CKM parameters reads:
∆md
∆ms
∝
|Vtd|
2
|Vts|2
∝ R2t (7)
Here Rt is one side of the unitarity triangle shown in Fig. 2. The usual way to probe
the Standard Model with ∆md is to perform a global fit to the unitarity triangle [3,8].
A shortcut which reproduces the result of the global fit in an accurate way exploits
the calculation of Rt from two angles of the UT triangle:
Rt =
sin γ
sinα
=
sin(α+ β)
sinα
3
Ru Rt
βγ
α
C=(0,0) B=(1,0)
A=(ρ,η)
Figure 2: Unitarity triangle.
and the experimental data [6]
β = 21.4◦ ± 0.8◦, α = 88.7◦
+4.6◦
−4.2◦
give
Rt = 0.939± 0.027. (8)
This number can be directly compared with the value of Rt found from ∆md/∆ms.
Inverting the relation sketched in Eq. (7) yields [9, p.354]:
Rt = 0.880
ξ
1.16
√
∆md
0.49 ps−1
√
17 ps−1
∆ms
0.22
|Vus|
(1 + 0.050ρ) (9)
With the Fermilab/MILC result [10] ξ = 1.268± 0.063 we find
Rt = 0.942± 0.047ξ ± 0.006 rest
which agrees very well with Eq. (8). Both numbers also agree with the CKMfitter
global fit result Rt = 0.926
+0.027
−0.028 (using different lattice input) obtained a few days
before this conference. Ignoring the small deviation of BBs/BBd from 1 the quantity
ξ equals the ratio fBs/fBd , for which also a result obtained with QCD sum rules is
available, ξ ≃ fBs/fBd = 1.16 ± 0.04 [11]. Data are now starting to challenge such
low values of ξ.
2 Decay matrix Γ12: prediction of ∆Γ and afs
Γq12, q = d, s, is needed for the prediction of the width difference ∆Γq ≃ 2|Γ
q
12| cosφq
and the semileptonic CP asymmetry aqfs =
|Γq12|
|M q12|
sinφq. For the calculation of Γ
q
12
another OPE, the so-called Heavy Quark Expansion (HQE) is employed. The HQE
expresses the u, c contributions to the Bq → Bq transition amplitude in inverse powers
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Figure 3: Γ12 in the leading order of QCD.
of ΛQCD/mb, the ratio of some hadronic scale ΛQCD ∼ 500 MeV and the bottom
quark mass. The leading contribution to Γq12 is depicted in Fig. 3. The HQE results
in a simultaneous expansion of Γq12 in ΛQCD/mb and αs(mb). Corrections of order
ΛQCD/mb were calculated in Ref. [12,13], those of order αs were obtained in Ref. [14–
16]. In Ref. [18] these NLO results have been expressed in terms of a new operator
basis, which leads to a better numerical stability by rendering an important ΛQCD/mb
correction color-suppressed. Furthermore, in Ref. [18] the all-order re-summation of
αns z ln
n z terms (with z = m2c/m
2
b and n = 1, 2, . . .) (developed in Ref. [17]) has been
applied to Γq12. To leading order in ΛQCD/mb one encounters two operators, Q defined
in Eq. (3) and
Q˜S = s
α
Lb
β
R s
β
Lb
α
R. (10)
with color indices α and β. The matrix element is parametrized as
〈Bs|Q˜S|Bs〉 =
1
12
M2Bs f
2
BsB˜
′
S,Bs. (11)
In the ratio ∆Γs/∆ms the dependence on f
2
BsBBs drops out. We predict ∆Γs by com-
bining the theory prediction of this quantity with ∆mexps = 17.719 ps
−1. Formt(mt) =
165.8 GeV, mb(mb) = 4.248 GeV, mc(mc) = 1.286 GeV, ms(mb) = 85 MeV and
αs(MZ) = 0.1184 (all in MS scheme) one finds
∆Γs
∆ms
∆mexps =
0.082± 0.007 + (0.019± 0.001)B˜′S,Bs
BBs
− (0.027± 0.003)
BR
BBs
 ps−1
Here BR is a generic bag parameter for the operators appearing at order ΛQCD/mb
and the quoted errors are the perturbative uncertainties estimated by varying the
renormalization scale. All SM predictions presented in this talk are an average of two
renormalization schemes, using either the MS or pole definition for the overall factor
of m2b appearing in ∆Γ and afs (while re-summing α
n
s z ln
n z terms in both cases).
Parametric errors (like those of the quark masses) are of minor relevance.
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With the preliminary Fermilab/MILC result [7],
B˜′S,Bs
BBs
= 1.50± 0.30,
and the estimate BR = 1±0.5 of the unknown higher-order bag parameters one finds:
∆Γs
∆ms
∆mexp =
[
0.078± 0.016BR/B ± 0.012 scale ± 0.008 B˜/B
]
ps−1, (12)
which complies well with the LHCb measurement [19]
∆ΓLHCbs = [0.116± 0.018stat ± 0.006syst] ps
−1
and the LHCb/CDF/DØ average found by the HFAG [6]:
∆Γexps = [0.089± 0.012] ps
−1.
For the same input as used in Eq. (12) the CP asymmetry in flavor-specific decays
equals
asfs = (1.8± 0.3) · 10
−5 (13)
Here also the values of the CKM parameter are relevant, the quoted number corre-
sponds to |Vub| = 3.49 · 10
−3, |Vcb| = 40.89 · 10
−3, and γ = 67.7◦ [3].
In the Bd system the central value of ∆Γ/∆m has slightly shifted downwards from
the 2006 value of 5.3 · 10−3 [18] to ∆Γd/∆md = 4.7 · 10
−3 with an error of roughly
20%. With ∆mexpd = 0.507 ps
−1 this means ∆Γd = 2.4 ns
−1 which is challenging to
measure. The numerical prediction for the CP asymmetry is
adfs = (−4.0 ± 0.6) · 10
−4, (14)
essentially unchanged from the update in [20]. The quoted numbers use B˜′S,Bd/BBd =
1.4± 0.4 inferred from [7]. Finally the CP phases in Eq. (1) read
φs = 0.24
◦ ± 0.06◦, φd = −4.9
◦ ± 1.4◦. (15)
3 New physics
The DØ experiment has measured [21, 22]
AD0SL = (0.532± 0.039)a
d
fs + (0.468± 0.039)a
s
fs
= (−7.87± 1.72± 0.93) · 10−3, (16)
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which is 3.9σ off the SM prediction inferred from Eqs. (13) and (14),
ASL = (−0.20± 0.03) · 10
−3. (17)
The prefactors of adfs and a
s
fs in Eq. (16) are taken from Ref. [23], in which they were
calculated from the Bd,s production fractions obtained by HFAG [6].
From a theoretical point of view, it is natural for new physics to affect Ms12 and
Md12, which are sensitive to scales of 100 TeV and above. Parametrising the new-
physics contribution as [18]
M q12 ≡ M
SM,q
12 ·∆q , ∆q ≡ |∆q|e
iφ∆q , q = d, s,
one can perform a global fit of ∆d,s and the CKM elements to all relevant data.
This has been done in summer 2010 [24] and spring 2012 [23], before and after the
precise LHCb measurement of the CP violating phase in Bs → J/ψφ, respectively.
In 2010 the scenario with new physics in B−B mixing and K−K mixing (and taking
SM formulas for tree-dominated observables) gave an excellent fit with a large, O(1)
deviation of ∆s from its SM value ∆s = 1 [24], with the SM point ∆d = ∆s = 1
disfavored by 3.6σ. The new CP phase φ∆q enters a
q
fs as [18]
asfs = (4.4± 1.2) · 10
−3 ·
sin
(
φSMs + φ
∆
s
)
|∆s|
,
adfs = (4.7± 1.4) · 10
−3 ·
sin
(
φSMd + φ
∆
d
)
|∆d|
. (18)
The tagged analysis of Bs → J/ψφ determines φ
∆
s − 2βs with 2βs = 2.1
◦. With the
LHCb data placing tight bounds on |φ∆d |, the new-physics scenario described above
cannot accommodate the DØ result anymore, the SM point ∆d = ∆s = 1 is merely
disfavored by 1σ. The September-2012 update (see Ref. [3]) of the plots presented
in Ref. [24] are shown in Fig. 4. The pull value for ASL is found as 3.3σ, showing
that the improvement compared to the SM is small. The fit prefers φ∆d < 0 to loosen
the tension with ASL and to accommodate the world average for B(B → τν) [25–28].
This branching ratio prefers a larger value of |Vub| (despite of the recent Belle result
complying with the SM [27]), implying larger values of Ru (see Fig. 2) and β. Since
the CP asymmetry in Bd → J/ψKS precisely fixes 2β + φ
∆
d = 42.8
◦ ± 1.6◦, a larger
|Vub| entails β > 21.4
◦ and therefore φ∆d < 0 [23, 24].
Note, however, that the 95% CL region in the upper plot of Fig. 4 is compatible
with new physics inMs12 of the order of 30% of the SM amplitude. While the upcoming
better LHCb data on Bs → J/ψφ will reduce this allowed region, these data will only
constrain φ∆s and not |∆s|. To this end better lattice results for f
2
BsBBs are urgently
needed.
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Figure 4: Allowed regions for the new-physics parameters ∆s and ∆d [3, 23].
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Several authors have considered the possibility of new physics in Γs12 from the yet
unobserved decay mode Bs → τ
+τ− [29–31]. The idea of new physics in Bs decays
can reconcile the DØ result in Eq. (16) with the LHCb measurement of φ∆s − 2βs
because asfs = Im (Γ
s
12/M
s
12) grows with new contributions to Γ
s
12. However, the LHCb
experiment has measured the average width Γs of the two Bs eigenstates with high
accuracy [19]. With the PDT value [32] for the Bd width Γd = 1/τBd one finds
Γd
Γs
= 0.997± 0.013
in excellent agreement with the SM prediction Γd/Γs = 0.998 ± 0.003 [12, 20, 33].
This result precludes a sizable new Bs decay rate into τ
+τ− or other undetected
final states [23, 24]. However, phenomenologically, sizable new physics in the doubly
Cabibbo-suppressed quantity Γd12 is still allowed [23], but requires somewhat contrived
models of new physics.
4 Conclusions
In this proceedings article I have updated several quantities related to Bs−Bs and
Bd−Bd mixing. It is stressed that the commonly used prediction of ∆ms relies on
just two lattice calculations [4,5], which date back to 2003 and 2009. In this article I
have used the newer, but still preliminary results of the Fermilab/MILC collaboration
presented in Refs. [7, 10]. Significant numerical differences with respect to the last
update in Ref. [20] only occur for ∆ms.
The Bs−Bs mixing and Bd−Bd mixing amplitudes are highly sensitive to new
physics. The LHCb measurements in Bs → J/ψφ have placed tight bounds on the
CP phase in Ms12, but O(30%) new physics in M
s
12 is still possible. However, unlike
in 2010 [24] the hypothesis of new physics only in Md12 and M
s
12 can no more explain
the DØ result for ASL [23].
I am grateful to Alex Lenz for the opportunity to give this talk. The presented
work is supported by BMBF under grant no. 05H12VKF.
References
[1] A. J. Buras, M. Jamin and P. H. Weisz, Nucl. Phys. B 347 (1990) 491.
[2] A. Lenz, U. Nierste, J. Charles, S. Descotes-Genon, H. Lacker, S. Monteil,
V. Niess and S. T’Jampens, Phys. Rev. D 86 (2012) 033008 [arXiv:1203.0238
[hep-ph]].
9
[3] For regular updates see: http://ckmfitter.in2p3.fr. The Rfit method used
by CKMfitter is described in J. Charles et al. [CKMfitter Group Collaboration],
Eur. Phys. J. C 41 (2005) 1 [hep-ph/0406184].
[4] S. Aoki et al. [JLQCD Collaboration], Phys. Rev. Lett. 91 (2003) 212001
[hep-ph/0307039].
[5] E. Gamiz et al. [HPQCD Collaboration], Phys. Rev. D 80 (2009) 014503
[arXiv:0902.1815 [hep-lat]].
[6] Heavy Flavor Averaging Group:
http://www.slac.stanford.edu/xorg/hfag/osc/fall 2012.
[7] C. M. Bouchard, E. D. Freeland, C. Bernard, A. X. El-Khadra, E. Gamiz,
A. S. Kronfeld, J. Laiho and R. S. Van de Water, PoS LATTICE 2011 (2011)
274 [arXiv:1112.5642 [hep-lat]].
[8] UTfit Collaboration, http://utfit.org/UTfit.
[9] K. Anikeev, D. Atwood, F. Azfar, S. Bailey, C. W. Bauer, W. Bell, G. Bodwin
and E. Braaten et al., hep-ph/0201071.
[10] A. Bazavov, C. Bernard, C. M. Bouchard, C. DeTar, M. Di Pierro, A. X. El-
Khadra, R. T. Evans and E. D. Freeland et al., Phys. Rev. D 86 (2012) 034503
[arXiv:1205.7013 [hep-lat]].
[11] M. Jamin and B. O. Lange, Phys. Rev. D 65 (2002) 056005 [hep-ph/0108135].
[12] M. Beneke, G. Buchalla and I. Dunietz, Phys. Rev. D 54, 4419 (1996), arxiv:hep-
ph/9605259;
[13] A. S. Dighe, T. Hurth, C. S. Kim and T. Yoshikawa, Nucl. Phys. B 624 (2002)
377 [hep-ph/0109088].
[14] M. Beneke, G. Buchalla, C. Greub, A. Lenz and U. Nierste, Phys. Lett. B 459,
631 (1999), arxiv:hep-ph/9808385;
[15] M. Beneke, G. Buchalla, A. Lenz and U. Nierste, Phys. Lett. B 576 (2003) 173
[arXiv:hep-ph/0307344].
[16] M. Ciuchini, E. Franco, V. Lubicz, F. Mescia and C. Tarantino, JHEP 0308,
031 (2003), arxiv:hep-ph/0308029.
[17] M. Beneke, G. Buchalla, C. Greub, A. Lenz and U. Nierste, Nucl. Phys. B 639,
389 (2002), arxiv:hep-ph/0202106.
10
[18] A. Lenz and U. Nierste, JHEP 0706, 072 (2007), arxiv:hep-ph/0612167.
[19] Talk by Mika Vesterinen at Hadron Collider Physics Symposium 2012, Nov 12-16,
2012, Kyoto, Japan.
[20] A. Lenz and U. Nierste, Proceedings of 6th International Workshop on the CKM
Unitarity Triangle: CKM 2010, 6-10 Sep 2010, Coventry, England [C10-09-06],
[arXiv:1102.4274 [hep-ph]].
[21] V. M. Abazov et al. [D0 Collaboration], Phys. Rev. D 82 (2010)
032001 [arXiv:1005.2757 [hep-ex]] and Phys. Rev. Lett. 105 (2010) 081801
[arXiv:1007.0395 [hep-ex]].
[22] V. M. Abazov et al. [D0 Collaboration], Phys. Rev. D 84 (2011) 052007
[arXiv:1106.6308 [hep-ex]].
[23] A. Lenz, U. Nierste, J. Charles, S. Descotes-Genon, H. Lacker, S. Monteil,
V. Niess and S. T’Jampens, Phys. Rev. D 86 (2012) 033008 [arXiv:1203.0238
[hep-ph]].
[24] A. Lenz, U. Nierste, J. Charles, S. Descotes-Genon, A. Jantsch, C. Kaufhold,
H. Lacker and S. Monteil et al., Phys. Rev. D 83 (2011) 036004 [arXiv:1008.1593
[hep-ph]].
[25] J. P. Lees et al. [BABAR Collaboration], arXiv:1207.0698 [hep-ex].
[26] B. Aubert et al. [BABAR Collaboration], Phys. Rev. D 81 (2010) 051101
[arXiv:0912.2453 [hep-ex]].
[27] I. Adachi et al. [Belle Collaboration], arXiv:1208.4678 [hep-ex].
[28] K. Hara et al. [Belle Collaboration], Phys. Rev. D 82 (2010) 071101
[arXiv:1006.4201 [hep-ex]].
[29] A. Dighe, A. Kundu and S. Nandi, Phys. Rev. D 76 (2007) 054005
[arXiv:0705.4547 [hep-ph]].
[30] C. Bobeth and U. Haisch, arXiv:1109.1826 [hep-ph].
[31] A. Dighe, A. Kundu and S. Nandi, Phys. Rev. D 82 (2010) 031502
[arXiv:1005.4051 [hep-ph]].
[32] J. Beringer et al. (Particle Data Group), The Review of Particle Physics, Phys.
Rev. D86, 010001 (2012).
[33] Y. -Y. Keum and U. Nierste, Phys. Rev. D 57 (1998) 4282 [hep-ph/9710512].
11
